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ABSTRACT
Observations of isolated neutron stars place constraints on the equation of state (EOS) of cold,
neutron-rich matter, while nuclear physics experiments probe the EOS of hot, symmetric matter.
Many dynamical phenomena, such as core-collapse supernovae, the formation and cooling of proto-
neutron stars, and neutron star mergers, lie between these two regimes and depend on the EOS at finite
temperatures for matter with varying proton fractions. In this paper, we introduce a new framework
to accurately calculate the thermal pressure of neutron-proton-electron matter at arbitrary density,
temperature, and proton fraction. This framework can be expressed using a set of five physically-
motivated parameters that span a narrow range of values for realistic EOS and are able to capture the
leading-order effects of degenerate matter on the thermal pressure. We base two of these parameters
on a new approximation of the Dirac effective mass, with which we reproduce the thermal pressure
to within . 30% for a variety of realistic EOS at densities of interest. Three additional parameters,
based on the behavior of the symmetry energy near the nuclear saturation density, allow for the
extrapolation of any cold EOS in β-equilibrium to arbitrary proton fractions. Our model thus allows
a user to extend any cold nucleonic EOS, including piecewise-polytropes, to arbitrary temperature
and proton fraction, for use in calculations and numerical simulations of astrophysical phenomena.
We find that our formalism is able to reproduce realistic finite-temperature EOS with errors of . 20%
and offers a 1− 3 orders-of-magnitude improvement over existing ideal-fluid models.
1. INTRODUCTION
Many dynamical phenomena, including core collapse
supernovae, the formation and subsequent cooling of
proto-neutron stars, and both the electromagnetic and
gravitational signals from neutron star mergers, depend
sensitively on the neutron star equation of state (EOS) at
densities where the EOS is not well understood. In addi-
tion, for these dynamical phenomena, there are two fur-
ther complications. First, temperatures may range from
below the Fermi temperature, for which “cold” EOS suf-
fice, to temperatures of up to 10-100 MeV in neutron star
mergers (e.g., Oechslin et al. 2007). Second, the composi-
tion may range from nearly pure neutron matter to sym-
metric matter, with some dynamical timescales shorter
than the timescale required to establish β-equilibrium.
While astrophysical observations of stationary neutron
stars probe the cold EOS in β-equilibrium and labora-
tory experiments constrain the hot EOS of symmetric
matter, extrapolations between the two regimes remain
difficult. (For a schematic representation of these various
regimes, see Fig. 1. For recent reviews, see e.g., Lattimer
& Prakash 2016; O¨zel & Freire 2016.) Such extrapola-
tions to arbitrary proton fraction and temperature add
further uncertainty to the EOS and complicate numerical
simulations of these phenomena.
In the zero-temperature limit, a large number of EOS
have been calculated, ranging from purely nucleonic
models (e.g., Baym et al. 1971; Friedman & Pandhari-
pande 1981; Akmal et al. 1998; Douchin & Haensel 2001)
to models incorporating quark degrees of freedom us-
ing state-of-the-art results from perturbative QCD (e.g.,
Fraga et al. 2014). Laboratory experiments and neutron-
star observations do not yet have sufficient power to dis-
tinguish between these models. Furthermore, it is likely
that these EOS do not span the full range of possible
physics. This possibility has motivated the creation of
a large number of parametric EOS, as were first intro-
duced by Read et al. (2009) and O¨zel & Psaltis (2009).
These parametric models do not require a priori knowl-
edge of the high-density nuclear physics governing the
EOS and, hence, can be used to probe unknown physics
from neutron star observations.
A much smaller number of EOS that self-consistently
incorporate finite-temperature effects have been calcu-
lated to date. Among the most well-known of these are
the LS model, which is based on finite-temperature com-
pressible liquid drop theory with a Skyrme nuclear force
(Lattimer & Swesty 1991); as well as the EOS of Shen
et al. (1998), which was calculated using relativistic mean
field (RMF) theory with a Thomas-Fermi approximation.
More recently, the statistical model developed in Hempel
& Schaffner-Bielich (2010) has been applied to an ad-
ditional ∼10 combinations of RMF models and nuclear
mass tables.
Just as parametrizations of the cold EOS have proven
useful in representing a broader range of physics, so too
would a parametric finite-temperature EOS be useful for
incorporating EOS effects into supernova and merger cal-
culations. To this end, many authors have employed so-
called “hybrid EOS,” in which a thermal component for
an ideal fluid is added to an arbitrary cold EOS to ac-
count for heating (Janka et al. 1993). The ideal-fluid
thermal component is parametrized in terms of a simple
adiabatic index as Pth = th(Γth − 1), where Pth and
th are the thermal pressure and energy density and Γth
is the adiabatic index, which is assumed to be constant.
Such an approach is computationally simple, but neglects
the effect of degeneracy on the thermal pressure. At high
densities and finite temperatures, part of the available
energy acts to lift degeneracy, rather than contributing
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2Fig. 1.— Cross-section of a phase diagram, containing tem-
perature as a function of neutron excess, where neutron excess is
defined as the difference between neutron and proton densities, nn
and np, compared to the total baryon density. The approximate
regimes probed by various terrestrial and astrophysical phenom-
ena are indicated. The dense-matter EOS is primarily constrained
by observations of neutron stars and by laboratory data from nu-
clei and nuclear experiments. Many dynamical phenomena, such as
neutron star mergers, supernovae, and the cooling of proto-neutron
stars, lie in the intermediate regions of parameter space where the
temperature is non-zero and the matter can be at a variable proton
fraction.
additional thermal support. This causes a net reduction
in the thermal pressure at high densities, compared to
the prediction for an ideal fluid.
The density-dependence of these thermal effects de-
pends directly on the density-dependence of the nucleon
effective mass, as has been shown for many EOS (Con-
stantinou et al. 2014, 2015). Constantinou et al. (2015)
performed a Sommerfeld expansion to approximate the
thermal properties at next-to-leading order and showed
that the expansion terms require both the effective mass
and its derivatives. Given a complete expression for the
density-dependence of the effective mass, they showed
that this formalism can be used to accurately approxi-
mate the thermal properties of a wide variety of EOS.
Constantinou et al. (2017) later expanded this work and
showed that the formalism can be used to recreate even
models beyond mean field theory, such as the two-loop
exchange model of Zhang & Prakash (2016).
The strong dependence of thermal properties on the
effective mass can also be seen in the behavior Γth. For
example, Constantinou et al. (2015) compared two EOS
with similar zero-temperature properties but with differ-
ent single-particle potentials, and hence different density-
dependences in their nucleon effective masses. They
found substantially different thermal properties for the
two EOS and that a constant Γth model failed to de-
scribe either EOS. Zhang & Prakash (2016) also found a
strong density-dependence in Γth for their two-loop ex-
change model. These results indicate that Γth has a sig-
nificant density-dependence for a diverse range of ana-
lytic models, which is not captured in the constant Γth
approximation of the hybrid EOS.
Neglecting the effect of degeneracy on the thermal
pressure has important consequences for dynamical sim-
ulations as well. For example, Bauswein et al. (2010)
compared the properties of a neutron star-neutron star
merger that would be predicted by a hybrid EOS and
by more realistic EOS. Specifically, they compared the
Shen et al. (1998) and Lattimer & Swesty (1991) EOS
to hybrid EOS that were constructed from the zero-
temperature versions of these same EOS with either
Γth = 1.5 or 2. They found that using the hybrid
EOS predicts post-merger frequencies from a hypermas-
sive neutron star that are 50-250 Hz smaller than what is
found with a realistic finite-temperature EOS. Moreover,
the lifetime of the hypermassive remnant can deviate by
a factor of two from the more realistic value and the
post-collapse accretion disk mass around the resulting
black hole can differ by up to 30% when the simplified
thermal effects are used (Bauswein et al. 2010). These
results all suggest that it is indeed important to account
for the effect of degeneracy on the thermal pressure when
simulating neutron star mergers.
The Sommerfeld expansion results of Constantinou
et al. (2015) can be used to explicitly correct a hy-
brid EOS to include degenerate effects, as long as the
particle interactions and potentials of the cold EOS are
known. However, requiring knowledge of the potentials
of the cold EOS renders these corrections inapplicable
to piecewise-polytropic EOS or other parametric forms
of the EOS that are agnostic in their descriptions of the
microphysics.
The goal of this paper is to develop a physically-
motivated framework for incorporating the thermal pres-
sure that maintains the wide applicability of the hybrid
EOS approach. With such a model, it will be possi-
ble to robustly add thermal effects to any cold EOS in
β-equilibrium, without having to make the simplifying
assumptions of an ideal fluid at all densities. The frame-
work we present in this paper is specific to neutron-
proton-electron (n-p-e) matter, but could be general-
ized to include more exotic particles. We also include
a symmetry-energy dependent correction that extrapo-
lates the proton fraction away from β-equilibrium. The
complete model thus allows us to build an EOS at
finite-temperature and arbitrary proton fraction from
any cold n-p-e EOS in neutrinoless β-equilibrium, in-
cluding piecewise-polytropic EOS. Moreover, the model
is analytic and in closed-form and thus can be calculated
efficiently in dynamical simulations.
We start in §2 with a brief review of existing finite-
temperature EOS and a discussion of the regimes in
which thermal effects become important. In §3, we out-
line our model. We provide the symmetry-energy depen-
dent extrapolation to arbitrary proton fraction in §4. In
§5, we introduce our M∗-approximation of the thermal
effects. We summarize the model in §6, in which all of
the relevant equations can be found in Boxes I and II.
Finally, we quantify the performance of our model in §7.
We find that with a relatively small set of parameters,
our complete model is able to recreate existing finite-
temperature EOS with introduced errors of .20%, for
densities above the nuclear saturation density.
2. OVERVIEW OF FINITE-TEMPERATURE EOS
Before introducing our new approximation for the pres-
sure at arbitrary proton fraction and temperature, we
will first briefly review the finite-temperature EOS that
have been previously developed.
Two of the most widely-used finite-temperature EOS
are the models of Lattimer & Swesty (1991, hereafter
LS), which is based on a finite-temperature liquid drop
3model with a Skyrme nuclear force, and Shen et al. (1998,
hereafter STOS) which is an RMF model that is extended
with the Thomas-Fermi approximation. An additional
eight EOS have been calculated with the framework of
Hempel & Schaffner-Bielich (2010, hereafter, HS), which
is a statistical model that consists of an ensemble of nu-
clei and interacting nucleons in nuclear statistical equi-
librium and, hence, goes beyond the single nucleus ap-
proximation that both LS and STOS assume. Each HS
EOS represents the nucleons with an RMF model and
additionally includes excluded volume effects. Of the
RMF models that have been used with the HS method,
six are nucleonic: TMA (Toki et al. 1995), TM1 (Suga-
hara & Toki 1994), NL3 (Lalazissis et al. 1997), FSUG-
old (Todd-Rutel & Piekarewicz 2005), IUFSU (Fattoyev
et al. 2010), DD2 (Typel et al. 2010); while the models
BHBΛφ and BHBΛ include hyperons with and without
the repulsive hyperon-hyperon interaction mediated by
the φ meson, respectively (Banik et al. 2014). Addi-
tionally, Steiner et al. (2013) created a set of two finite-
temperature EOS, SFHo/x, that also used the statis-
tical method of HS, but with new RMF parameteriza-
tions and constraints from neutron star observations.
There are also the EOS of G. Shen, which are based
on a virial expansion and nuclear statistical equilibrium
calculations at low densities and RMF calculations at
high densities, using the models FSUGold (Shen et al.
2011a) and NL3 (Shen et al. 2011b). Tables of these var-
ious EOS can be found on the website of M. Hempel,1
stellarcollapse.org, and/or the CompOSE database.2
More recently, several new finite-temperature EOS
have been added to the CompOSE database. These include
the SLY4-RG model, which is calculated in nuclear statis-
tical equilibrium using a Skyrme energy functional (Gul-
minelli & Raduta 2015; Raduta & Gulminelli 2018), as
well as chiral mean field theory models, which include hy-
perons as additional degrees of freedom (e.g., Dexheimer
2017), generalized relativistic density functional models
(e.g., Typel 2018), and models calculated using a vari-
ational method applied to two- and three-body nuclear
potentials (e.g., Togashi et al. 2017).
For the sake of simplicity in the following analysis, we
will focus on a subset of these EOS and will include only
models that are nucleonic. In particular, our sample will
include STOS as well as the eight nucleonic EOS calcu-
lated with the HS method, to represent the models based
on RMF theory. We will also include LS (with a compres-
sion modulus K = 220 MeV) and SLY4-RG, to represent
non-relativistic models with Skyrme nuclear forces.
In spite of the increasing number of finite-temperature
EOS that have been calculated, they nevertheless span a
relatively limited range of physics, especially when com-
pared to the diversity of cold EOS models. In order to
span a broader range of possible physics, many authors
have used the so-called “hybrid EOS,” which assume that
the thermal pressure is given simply by an ideal-fluid
term that can be added to any cold EOS. The hybrid
EOS were first introduced by Janka et al. (1993) and
have been used in many subsequent works (for recent
reviews, see Shibata & Taniguchi 2011; Faber & Rasio
1 https://astro.physik.unibas.ch/people/matthias-
hempel/equations-of-state.html
2 https://compose.obspm.fr/home/
2012; Baiotti & Rezzolla 2017; Paschalidis & Stergioulas
2017). In these hybrid EOS, the thermal pressure is writ-
ten as
Pth,hybrid(n, T ) = nEth,hybrid(n, T )(Γth − 1), (1)
where Eth,hybrid(n, T ) is the thermal contribution to the
energy per baryon, n is the baryon number density, and
Γth is the thermal adiabatic index and is constrained to
be 1 ≤ Γth ≤ 2. In the hybrid approximation, Γth is
assumed to be constant.
Following Etienne et al. (2008), the hybrid
temperature-dependence of Eth,hybrid is included as
an ideal fluid plus a contribution from relativistic
particles, i.e.,
Eth,hybrid(n, T ) =
3
2
kBT +
4σ
c
fs
n
T 4, (2)
where kB is the Boltzmann constant, T is the temper-
ature, and σ ≡ pi2k4B/[60~3c2] is the Stefan-Boltzmann
constant, with ~ the Planck constant and c the speed
of light. The parameter fS represents the number of
ultra-relativistic species that contribute to the thermal
pressure. For kBT  2mec2, where me is the mass
of an electron, photons will dominate and fS=1. For
kBT  2mec2, electrons and positrons become relativis-
tic as well and yield fS = 1 + 2× (7/8) = 11/4. Finally,
for kBT & 10 MeV, thermal neutrinos and anti-neutrinos
appear, rendering fs = 11/4 + 3 × (7/8) = 43/8. If
right-handed neutrinos were to exist, this would become
fs = 11/4 + 3× 2× (7/8) = 8.
We note that all 12 EOS discussed above neglect neu-
trinos in their calculations. The STOS EOS additionally
neglects leptons and photons, which we add in wherever
we use STOS in this paper. For the STOS thermal lep-
ton and photon contribution, we use eq. (2) with the
appropriate lepton density. For the cold lepton energy,
we add the contribution for a degenerate gas of relativis-
tic electrons. Because all the EOS neglect neutrinos, we
will also neglect neutrinos in our comparisons and thus
we will calculate fS only as
fS =
{
1, kBT < 1 MeV,
11/4, kBT ≥ 1MeV. (3)
We, therefore, account for the degrees of freedom in-
troduced by the possible presence of ultra-relativistic
positrons. However, throughout this paper, we will as-
sume that the population of positrons is small and that
their contribution to the pressure or energy at higher
densities is negligible. If there were a scenario in which
the population of positrons were significant compared to
the electrons, one would have to explicitly account for
the positrons in particle-counting as well as in imposing
charge neutrality.
In order to highlight the regimes where a realistic
finite-temperature EOS and the hybrid approximation
differ, we show a phase diagram in Fig. 2. In this plot,
we show various regions calculated for the EOS STOS,
all at a fixed proton fraction of Yp = 0.1. The total pres-
sure, Ptotal, is thus calculated at Yp = 0.1 and a given
temperature. The cold contribution, Pcold, is calculated
at the same Yp and at zero-temperature.
3 Finally, the
3 We note that, throughout this paper, we use the coldest HS
4Fig. 2.— Phase diagram for regimes of interest in neutron star
simulations. The blue shaded region represents the regime where
the total pressure is dominated by the cold pressure, to within 1%,
for the STOS EOS with proton fraction Yp = 0.1. The red shaded
region represents the T − n range where the thermal pressure is
dominated by the ideal-fluid pressure (Pth = nkBT ), to within
1%, for the same EOS and fixed Yp. The white range in between
these two extremes represents the phase space in which degener-
ate thermal effects are important. For comparison, the green line
shows the profile of a hypermassive neutron star (HMNS) rem-
nant 12.1 ms after a neutron star merger from the simulations of
Sekiguchi et al. (2011) using the STOS EOS. The orange and pur-
ple lines show the profiles of a proto-neutron star (PNS) 200 ms
after the bounce in a core-collapse supernova simulation and at the
end of de-leptonization in the same simulation, both with a bulk
version of the LS EOS (Camelio et al. 2017).
thermal contribution, Pth, is defined as Ptotal − Pcold for
the same proton fraction.
In this figure, the blue shaded region shows the regime
where the total pressure is dominated by the cold pres-
sure; there, the thermal pressure of STOS contributes
< 1% of the total pressure. The red shaded region
represents the regime where the thermal pressure can
be approximated by the ideal fluid pressure (Pth,ideal =
nKBT ), to within 1%. The white region between these
two extremes represents the range of parameter space in
which the thermal pressure is important but the ideal-
fluid approximation does not yet apply. In this white
region, the effects of degeneracy on the thermal pressure
cannot be neglected.
For comparison, we also show in Fig. 2 the projected
temperature-density profiles from three different simu-
lations of relevant astrophysical phenomena. The green
line shows the profile of a hypermassive neutron star rem-
nant 12.1 ms after the merger of two 1.35 M neutron
stars, as simulated using the EOS STOS (Sekiguchi et al.
2011). The orange and purple lines both come from nu-
merical simulations of the evolution of a proto-neutron
star using a bulk-version of the LS EOS. The orange line
gives the profile of the proto-neutron star at 200 ms after
the core bounce, while the purple line shows the profile of
the proto-neutron star at the end of the de-leptonization
calculation, performed at kBT = 0.1 MeV, as an approximation of
the zero-temperature EOS. Even though the STOS EOS is calcu-
lated at T = 0 MeV, we use the kBT = 0.1 MeV table as our cold
component for this EOS as well, in order to maintain consistency
with the HS set of EOS.
phase (Camelio et al. 2017). We note that these profiles
are not necessarily calculated at Yp = 0.1, but we include
them nevertheless to show the approximate relevant tem-
peratures and densities for such phenomena.
In order to further explore the dependence on the pro-
ton fraction, we also calculated the regime where degen-
eracy dominates for increasing values of Yp. We find
that as the proton fraction increases towards Yp = 0.5,
the white degeneracy region in Fig. 2 shrinks, but still
largely encompasses the shown profiles. We thus find
that all of these simulations primarily probe the phase
space where degenerate thermal effects are important.
This suggests that using the hybrid approximation, in-
stead of the full thermal pressure, may bias the outcomes
from such simulations.
3. GENERIC MODEL OF A FINITE TEMPERATURE EOS
In order to construct a finite-temperature EOS at ar-
bitrary proton fraction, our model must be able to ex-
trapolate from β-equilibrium to an arbitrary Yp, as well
as from cold matter to an arbitrary temperature. This
will naturally introduce dials into our model that can be
adjusted to represent a wide range of physics, based on
the symmetry energy, its slope, and the strength of par-
ticle interactions we wish to include. Moreover, we will
show that with a small set of parameters, the EOS that
are currently in use in the literature can be replicated to
high accuracy.
We start with our model in general terms, for which
we will derive analytic expressions in the following sec-
tions. Our final model will be for the complete energy per
baryon, E(n, Yp, T ), separated into analytic, physically-
motivated terms. A summary of the final equations can
be found in Boxes I and II in §6.
We can expand the energy per particle of nuclear mat-
ter, Enucl, about the neutron excess parameter, (1−2Yp),
to second order as
Enucl(n, Yp, T ) = Enucl(n, Yp = 1/2, T )+Esym(n, T )(1−2Yp)2,
(4)
where Enucl(n, Yp = 1/2, T ) represents the energy of sym-
metric nuclear matter and
Esym(n, T ) ≡ 1
2
∂2Enucl(n, Yp, T )
∂(1− 2Yp)2
∣∣∣∣
Yp=1/2
(5)
is the symmetry energy. The proton fraction is related
to the overall baryon density, n, according to
Yp =
np
n
=
Np
Nn +Np
, (6)
where np is the proton density, Np is the total num-
ber of protons, and Nn is the total number of neutrons.
Throughout this paper, we enforce charge-neutrality,
which requires that the proton and electron densities bal-
ance. Thus, the electron density, ne, can be written as
ne = Ypn. (7)
Finally, by requiring that the baryonic components com-
bine to give the total density n, we can write the neutron
density as
nn = (1− Yp)n. (8)
We can further expand eq. (4) by separating the energy
of cold, symmetric matter from its thermal contribution,
5i.e.,
Enucl(n, Yp, T ) =Enucl(n, Yp = 1/2, T = 0)
+Enucl,th(n, Yp = 1/2, T )
+Esym(n, T )(1− 2Yp)2.
(9)
Here and throughout the paper, we use the subscript
“th” to indicate the thermal contribution to a variable,
after the cold component has been subtracted.
In order to write the energy with respect to a cold
EOS in β-equilibrium, as is often most relevant to start
from in the study of neutron stars, we eliminate the cold,
symmetric term in eq. (9) to yield
Enucl(n, Yp, T ) =Enucl(n, Yp,β , T = 0)
+Enucl,th(n, Yp = 1/2, T )
+Esym(n, T )(1− 2Yp)2
−Esym(n, T = 0)(1− 2Yp,β)2,
(10)
where Yp,β represents the proton fraction of a zero-
temperature system in β-equilibrium. We note that
the proton fraction depends on the density, i.e., Yp,β =
Yp,β(n), but for simplicity we suppress this in our nota-
tion.
Finally, we must add the contribution of leptons and
photons to this expression. The zero-temperature energy
from relativistic degenerate electrons is given by
Elepton(n, Yp, T = 0) = 3KYp(Ypn)
1/3, (11)
where the extra factor of Yp comes from our definition
of E as the energy per baryon, combined with eqs. (6)
and (7). Here, K ≡ (3pi2)1/3(~c/4). Additionally, there
will also be a thermal contribution, Elepton,th(n, Yp, T ),
which we derive in §5.
Thus, our skeletal model for the total energy is given
by the following set of equations:
E(n, Yp, T ) = E(n, Yp, T = 0) + Eth(n, Yp, T ) (12a)
E(n, Yp, T = 0) = E(n, Yp,β , T = 0)
+ Esym(n, T = 0)
[
(1− 2Yp)2 − (1− 2Yp,β)2
]
+ 3K
(
Y 4/3p − Y 4/3p,β
)
n1/3
(12b)
Eth(n, Yp, T ) = Enucl,th(n, Yp = 1/2, T )
+ Elepton, th(n, Yp, T )
+ Esym,th(n, T )(1− 2Yp)2.
(12c)
From these relations, we can derive the pressure via
the standard thermodynamic relation,
P ≡ −∂U
∂V
∣∣∣∣
Nq,S
= n2
[
∂E(n, T = 0)
∂n
]∣∣∣∣
Yp,S
(13)
where U is the total energy, V is the volume, Nq is the
number of each species q, and S is the total entropy.
From eq. (6), it is clear that evaluating these derivatives
at constant Nq is equivalent to evaluating them at con-
stant Yp. In this paper, we will mainly plot results in
terms of pressure. We summarize the complete expres-
sions for pressure in Box II of §6.
While this set of expressions may seem to have a large
number of terms, this separation allows these terms to be
represented analytically. Moreover, as we will show, the
parameters of each term are linked directly to physics on
which there are experimental constraints and of which
further constraints are the motivation of many observa-
tions of astrophysical neutron stars: namely, the value of
the symmetry energy at the saturation density, the slope
of the symmetry energy, and the strength of interactions
between particles.
4. DERIVATION OF THE COLD SYMMETRY ENERGY IN
THE FERMI GAS LIMIT
We turn first to the symmetry energy correction term,
Esym(n, T ) of eq. (4). The symmetry energy is defined
as the per-nucleon difference in energy between symmet-
ric matter and pure neutron matter. In other words, the
symmetry energy represents the excess energy of matter
with unequal numbers of protons and neutrons. In nu-
clear models, the symmetry energy is typically calculated
as an expansion around the nuclear saturation density,
for matter with Yp = 1/2. In eq. (4), we perform the
expansion with respect to the proton fraction and, in the
following section, will introduce a density-dependence to
extrapolate beyond the saturation density, where the co-
efficients of our approximation are experimentally con-
strained. In this section, we will provide the approxima-
tion for Esym(n, T ) at zero-temperature. For the thermal
contribution to the symmetry energy, which turns out to
be negligible, see §5.
It is particularly useful to parameterize the symme-
try energy in terms of its separate kinetic and potential
components at zero-temperature (e.g., Tsang et al. 2009;
Steiner et al. 2010), modified by a parameter η to ac-
count for short-range correlations due to the tensor force
acting between a spin-triplet or isospin-singlet proton-
neutron pair. These correlations can significantly reduce
the kinetic symmetry energy to even a negative value at
the saturation density, compared to the kinetic energy of
an uncorrelated Fermi gas model (Xu & Li 2011; Vidan˜a
et al. 2011; Lovato et al. 2011; Carbone et al. 2012; Rios
et al. 2014; Hen et al. 2015). In this framework, we pa-
rameterize the symmetry energy of eq. (12b) as
Esym(n, T = 0) = ηE
kin
sym(n)+
[
S0 − ηEkinsym(nsat)
]( n
nsat
)γ
,
(14)
as in Li et al. (2015). Here, Ekinsym(n) is the “kinetic” sym-
metry energy, arising from the change in the Fermi en-
ergy of a gas at density n as the relative proton/neutron
fraction changes, nsat = 0.16 fm
−3 is the nuclear satu-
ration density,4 and the second term represents the “po-
tential” symmetry energy which accounts for the inter-
actions between particles. Because the exact form of the
potential symmetry energy is not well known, it is an-
chored at the saturation density by the magnitude of the
overall symmetry energy, S0 ≡ Esym(nsat), and is given
an arbitrary density-dependence through the constant γ.
In contrast, the kinetic energy term can be calculated
directly from the nuclear momentum distribution. The
4 We note that nsat does vary slightly among the EOS in our
sample, but we fix the value to nsat = 0.16 fm−3 in order to more
easily compare the various EOS. We find that this does not signif-
icantly affect the results.
6kinetic energy of a free Fermi gas is given simply by
εk,q
n
=
3
5
Ef (nq) (15)
where εk,q is the kinetic energy per particle, q represents
the particle (either a neutron or proton), and Ef (n) is
the Fermi energy,
Ef (nq) =
~2
2m
(
3pi2nq
)2/3
, (16)
in which m is the mass of the relevant particle. For
our approximation, we will neglect the small difference
between the proton and neutron mass and simply take
m ≈ mn, where mn is the neutron mass.
By taking the difference between symmetric matter
and pure neutron matter, the kinetic symmetry energy
as a function of the total density is then
Ekinsym(n) =
3
5
[
2Ef
(
np = nn =
1
2
n
)
− Ef (nn = n)
]
=
3
5
(
21/3 − 1
)
Ef (n).
(17)
We can also eliminate the parameter η in eq. (14) by
introducing the constant L, which is related to the overall
slope at the saturation density via,
L ≡ 3nsat
[
∂Esym(n, T = 0)
∂n
]∣∣∣∣
nsat
. (18)
Combining eqs. (14) and (18), we can solve for η in terms
of the quantities S0 and L, which are constrained by
nuclear physics experiments for matter near Yp = 1/2
(Lattimer & Lim 2013). We find
η =
5
9
[
L− 3S0γ(
21/3 − 1) (2/3− γ)Ef (nsat)
]
, (19)
thereby leaving one free parameter, γ, which is con-
strained by nuclear experiments to lie in the range ∼ 0.2
to 1.2 (see, e.g., Fig. 2 of Li et al. 2015; Tsang et al.
2009).
We thus have a complete expression for the symmetry
energy that depends only on the three parameters γ, S0,
and L which, in principle, can be constrained by nuclear
experiments. We can now use this functional form to
fit for γ, by combining it with the following relationship
between the symmetry energy and Yp,β for charge-neutral
n-p-e matter in neutrinoless β-equilibrium,
Yp,β
(1− 2Yp,β)3 =
64
3pi2n
[
Esym(n, T = 0)
~c
]3
(20)
(for a derivation of this relation, see, e.g., Blaschke et al.
2016, or Appendix A). When solved for Yp,β , this be-
comes
Yp,β =
1
2
+
(2pi2)1/3
32
n
ξ
{
(2pi2)1/3 − ξ
2
n
[
~c
Esym(n, T = 0)
]3}
,
(21)
TABLE 1
Symmetry energy parameters characterizing each EOS at
kBT = 0.1 MeV.
EOS S0 (MeV) L (MeV) γ
TM1 36.95 110.99 0.75
TMA 30.66 90.14 0.66
NL3 37.39 118.49 0.62
FSG 32.56 60.43 1.11
IUF 31.29 47.20 0.52
DD2 31.67 55.03 0.91
STOS 36.95 110.99 0.77
SFHo 31.57 47.10 0.41
SFHx 28.67 23.18 -0.04a
LS 29.3 74.0 1.05
SLY4-RG 32.04 46.00 0.35.
Note. — S0 and L are fixed to the values predicted for each
EOS, while γ is a fit parameter. All fits are performed for densities
above n ≥ 0.01 fm−3 and nsat=0.16 fm−3
aThe inferred value for γ for SFHx is highly sensitive to the density
range that is included in the fit; see the discussion in the text for
details.
where, for simplicity, we have introduced the auxilary
quantity ξ, defined as
ξ ≡
[
Esym(n, T = 0)
~c
]2
×24n
1 +
√
1 +
pi2n
288
(
~c
Esym(n, T = 0)
)3
1/3
.
(22)
For each of the EOS in our sample, we stitch together a
complete cold EOS at β-equilibrium from the publically-
available tables at fixed Yp, by requiring that µe + µp −
µn = 0, where µi is the chemical potential of each species.
We then use the corresponding density-dependent proton
fraction, Yp,β , to fit for γ using eqs. (14)-(20) and keeping
S0 and L fixed for each EOS. We perform the fits using
a standard least-squares method and limit the density
range to n ≥ 10−2 fm−3. In principle, eqs. (14)-(20)
apply only to n-p-e matter, which will be uniform only
above 0.5nsat. However, in practice, we find a very small
difference in the fits for γ whether we include densities
above 0.5nsat = 0.08 fm
−3 or whether we start the fits
at a slightly lower but still astrophysically relevant cutoff
of n = 10−2 fm−3. We show the resulting fit values in
Table 1.
We note that the range of EOS provided in Table 1 is
intentionally broad. While the symmetry energy parame-
ters of some of these EOS disagree with the combined set
of experimental constraints (see Lattimer & Lim 2013 for
a recent review), or are in disagreement with certain the-
oretical considerations such as chiral effective field theory
results for pure neutron matter (see, e.g., Kru¨ger et al.
2013), they are all consistent with at least some experi-
mental constraints on S0 and L.
We find that γ spans roughly the range of
experimentally-allowed values, between 0.15 and 1.0, as
expected, with the exception of SFHx. SFHx has an
extremely low value of L, which makes the result of
the fit highly sensitive to the density range that is in-
cluded. For consistency, we still constrain the densities
7to n ≥ 10−2 fm−3 for the fit to this EOS; however, the
inferred value for γ ranges from the reported value of
−0.04 up to 0.18, depending on where the density cut-
off is placed. Thus, the particular value for γ for SFHx
should be taken with some caution.
We have here used eq. (20) to fit for γ from the β-
equilibrium proton fractions of realistic EOS. We wish
to also emphasize that eq. (20) can, of course, be used
to calculate Yp,β , given a choice of S0, L, and γ. Once
these three parameters are specified, eqs. (21)-(22) can
be used to calculate Yp,β for any EOS. As a result, all
that is required of the cold EOS is knowledge of the run
of pressure with density. This feature makes it possible to
apply our model to piecewise polytropes or other families
of parametric EOS that may not directly calculate Yp,β .
Fig. 3.— Top: Pressure as a function of density for EOS NL3
and DD2, at kBT = 0.1 MeV and Yp = 0.1, as blue and orange dia-
monds, respectively. The solid lines show our model of the pressure,
calculated using eqs. (12b) and (14-20). Our model starts with the
respective EOS in β-equilibrium and adds the appropriate symme-
try energy and lepton corrections to extrapolate to Yp = 0.1. For
S0, L, and γ, we use the values listed in Table 1. Bottom: Residu-
als between the true EOS at Yp = 0.1 and our model. We find that
our model extrapolates from β-equilibrium to Yp = 0.1 reasonably
well, especially at high densities where the model introduces an
error of . 1% compared to using the full EOS.
We show an example of the performance of this model
for Esym(n, T = 0) in Fig. 3 for the EOS NL3 (Lalazis-
sis et al. 1997, 1999) and DD2 (Typel et al. 2010). We
show these two EOS as representative samples, with NL3
representing the family of EOS with larger L values and
DD2 representing the EOS with smaller symmetry en-
ergy slopes (see Table 1). The top panel of Fig. 3
shows the zero-temperature pressure predicted by NL3
and DD2 at Yp = 0.1 as blue and orange diamonds, re-
spectively. The colored lines show our model: starting
with the corresponding EOS in β-equilibrium, adding the
symmetry energy correction of eqs. (14)-(19), and cor-
recting for the leptons, all according to eq. (12b). For
these models, we take the values of S0, L, and γ for each
EOS from Table 1. We note that we are plotting pres-
sures, but could have similarly shown the energy. We
use eq. (13) to convert the equations of this section to
pressures; for the complete set of pressure expressions,
see §6 and Box II.
The bottom panel of Fig. 3 shows the residuals between
our model and the pressure predicted by each EOS at
Yp = 0.1. We find that our model performs very well
at densities above 0.5 nsat, with errors . 10%. At the
highest densities, using our model compared to the full
EOS introduces errors of only ∼1%. The residuals for
the other EOS in our sample are comparably small.
For Yp=0.3, we find the residuals between our model
and NL3 and DD2 are comparable to those shown in
Fig. 3. We, therefore, conclude that this model reason-
ably captures the Yp-dependence of the cold EOS, for a
large range of L values.
We thus have an expression for the symmetry energy
at zero-temperature that depends only on n, Yp, S0, L,
and the narrowly-constrained parameter γ. There are
two possible routes for creating a finite-temperature EOS
with this framework. One possibility is to start from a
cold, physically-motivated EOS, which will provide pre-
dicted values for S0, L, and Yp,β . In this case, eq. (20)
can be used to fit for γ. We have provided such fits for
the EOS in our sample in Table 1. Alternatively, a cold,
parametric EOS can be chosen, for which the underlying
physics are not specified. In this case, a user can freely
specify S0, L, and γ, which will uniquely specify Yp,β .
For the EOS in our sample, we find that this approach is
able to accurately extrapolate from β-equilibrium to ar-
bitrary proton fraction, introducing errors of . 10% for
densities of interest (above 0.5 nsat), and errors of . 3%
at high densities.
5. THERMAL CONTRIBUTION TO THE ENERGY
We now turn to the thermal energy, which was first
defined in eq. (12c) as
Eth(n, Yp, T ) = Enucl,th(n, Yp = 1/2, T )
+ Esym,th(n, T )× (1− 2Yp)2
+ Elepton,th(n, Yp, T ).
It is useful to further divide the thermal energy into
density regimes, over which the matter displays distinct
behaviors. At the lowest densities, the contribution from
relativistic leptons and photons dominates. At interme-
diate densities, an ideal-fluid description suffices. How-
ever, at high densities, matter can remain partially de-
generate even at intermediate-to-high temperatures. In
the high-density regime, some of the available energy
goes into lifting the degeneracy of the particles rather
than adding thermal support and, accordingly, the ther-
mal pressure can dip well below the prediction for an
ideal fluid. (See Fig. 5 for the markedly different behav-
iors in thermal pressure across these three regimes.)
It is, therefore, convenient to write the thermal energy
as
Eth(n, Yp, T ) =
Erel(n, T ), n < n1
Eideal(T ), n1 < n < n2
Eth,deg.(n, Yp = 1/2, T )
+Esym,th(n, T )(1− 2Yp)2, n > n2
(23)
8where the relativistic component,
Erel(n, T ) =
4σ
c
fs
n
T 4, (24)
and the ideal component,
Eideal(T ) =
3
2
kBT (25)
are given as in eqs. (2) and (3). Here, Eth,deg.(n, Yp =
1/2, T ) is the degenerate thermal energy of symmetric
matter, which we introduce below. We note that, be-
cause the ideal-fluid and relativistic terms do not depend
on the proton fraction, the symmetry-energy correction
is only relevant in the degenerate regime. Finally, we
define the first transition density, n1, as the density at
which the relativistic and ideal-fluid energies are equal.
The second transition density, n2, is the density at which
the ideal-fluid energy is equal to the degenerate thermal
energy, for a given temperature and proton fraction.
This piecewise expression of the thermal energy is con-
venient for later calculations of the thermal pressure and
the sound speed. However, the discontinuities at the
transition densities are artificial and will create prob-
lems in numerical simulations, potentially leading to un-
desired reflections of matter waves at density boundaries.
Thus, whenever we actually implement the thermal en-
ergy or pressure, we use a smoothed version instead. This
smoothed version is of the form
Eth(n, Yp, T ) ≈ Erel(n, T )
+
[
Eideal(T )
−1 + Eth,deg.(n, Yp, T )−1
]−1
,
(26)
where we have added the latter two terms inversely to
ensure that the ideal term dominates at intermediate
densities and the degenerate term dominates at the high-
est densities. The smoothed approximation is also more
computationally efficient than the piecewise version, as
it does not require the calculation of transition densi-
ties, which will vary with the temperature and proton
fraction.
In order to calculate the thermal energy in the degen-
erate regime, we consider the nucleons as a free Fermi
gas. In that limit, the leading-order thermal energy of
degenerate matter is given by
Edegth, q(n, Yq, T ) = a(Yqn,M
∗)
(
Nq
Np +Nn
)
T 2,
= a(Yqn,M
∗)YqT 2
(27)
for a single-species system of particle q. For simplicity,
we have introduced the level-density parameter a, which
is defined as
a(nq,M
∗) ≡ pi
2k2B
2
√
(3pi2nq)
2/3
(~c)2 +M∗(nq)2
(3pi2nq)
2/3
(~c)2
, (28)
where M∗(nq) is the Dirac effective mass of the relevant
species at a specific density. (For a complete derivation at
next-to-leading order in temperature, see Constantinou
et al. 2015).
As an example, the thermal nuclear energy for sym-
metric matter would be
Edegth, nucl(n, T ) =
[
a(np,M
∗
p,SM)Np + a(nn,M
∗
n,SM)Nn
Np +Nn
]
T 2
= a(0.5n, 0.5M∗SM)T
2,
(29)
where the subscript SM stands for symmetric matter
and, in the second line, we have used the fact that
nn = np = 0.5n in symmetric matter. We have fur-
ther made the approximation that the effective masses of
neutrons and protons are comparable in symmetric mat-
ter and that the average of these two effective masses
gives the overall effective mass of symmetric matter, i.e.,
M∗n,SM ≈M∗p,SM ≈ 1/2M∗SM.
By likewise defining the thermal energy per baryon for
pure neutron matter (PNM), we can calculate the ther-
mal contribution to the symmetry energy, as
Esym,th(n, T ) ={
0, n < n2
[a(n,M∗PNM)− a(0.5n, 0.5M∗SM)]T 2, n > n2,
(30)
where the low-density limit of Esym,th arises from the fact
that both pure neutron matter and symmetric matter
behave identically as ideal or relativistic fluids at n < n2.
In principle, this symmetry energy term extrapolates
the thermal energy of symmetric nuclear matter to arbi-
trary proton fraction. However, we find that including
this term has a negligible effect on the results. In par-
ticular, making the approximation Eth, nucl(n, Yp, T ) ≈
Eth, nucl(n, Yp = 1/2, T ) introduces an average error of
. 1% in the total pressure across the density range of
interest. We thus neglect the thermal correction to the
symmetry energy for the remainder of the paper.
For leptons, the degenerate thermal pressure is even
simpler. The effective mass of electrons is approximately
constant, due to their small cross-sections of interaction.
Hence, M∗e ≈ me. This allows us to write eq. (27) simply
as
Edegth, e−(n, Yp, T ) = a(Ypn,me)YpT
2, (31)
where we have required that the electron fraction balance
the proton fraction in order to satisfy the requirement of
charge neutrality and we have used eq. (6) to substitute
Yp. We note that in the presence of a significant popula-
tion of positrons, the proton fraction in eq. (31) should
be replaced by the net lepton fraction.
With expressions for the degenerate and ideal fluid
thermal terms in hand, we can now write a complete
version of eq. (12c) for Eth as follows:
Eth(n, Yp, T ) =
4σfsT
4/(cn), n < n1
(3/2)kBT, n1 < n < n2
[a(0.5n, 0.5M∗SM) + a(Ypn,me)Yp]T
2, n > n2
(32)
where we have neglected the thermal contribution to the
symmetry energy, as discussed above.
We thus have a complete expression for the thermal
energy of matter as a function only of the density, tem-
perature, proton fraction, and the effective mass of the
nucleons in symmetric matter.
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Parameters characterizing M∗, fit together at
kBT = 1, 10, and 47.9 Mev, for either pure neutron matter
(PNM) or symmetric matter (SM).
PNM (Yp = 0.01) SM (Yp= 0.5)
EOS n0 (fm−3) α n0 (fm−3) α
TM1 0.11 0.73 0.12 0.86
TMA 0.11 0.65 0.13 0.77
NL3 0.10 0.90 0.11 1.08
FSUGold 0.10 0.61 0.11 0.72
IUFSU 0.11 0.72 0.12 0.85
DD2 0.08 0.68 0.10 0.84
STOS 0.11 0.76 0.12 0.90
SFHo 0.21 0.82 0.22 0.89
SFHx 0.16 0.77 0.17 0.88
Range 0.08-0.21 0.61-0.90 0.10-0.22 0.72-1.08
Mean 0.12 0.74 0.13 0.87
Note. — We fix b = 2 and m = mn in all fits.
5.1. M∗-approximation
A full calculation of Eth using eq. (32) requires knowl-
edge of the Dirac effective masses in symmetric matter,
and hence the scalar meson interactions and particle po-
tentials of a particular EOS. We instead choose to express
the Dirac effective mass with a physically-motivated yet
computationally-simple approximation. At low densities,
the effective mass must approach the dominant nucleon
mass, while at higher densities, M∗ must decrease as par-
ticle interactions become important. We represent this
behavior by introducing a power-law expression,
M∗(nq) =
(mc2)−b +
[
mc2
(
nq
n0
)−α]−b
−1/b
, (33)
where m is the nucleon mass (which we take to be the
neutron mass, mc2 = 939.57 MeV)5 and n0 is the tran-
sition density above which M∗ starts to decrease. The
exponent b determines the sharpness of the transition
and α specifies the power-law slope at high densities.
We find that b = 2 works well to represent the curva-
ture connecting the low- and high-density regimes, and
thus fix it to this value in the following analysis, leaving
just two free parameters to describe the effective mass,
M∗ = M∗(n0, α).
We fit the effective masses together at kBT = 1, 10,
and 47.9 MeV for nine of the EOS in our sample, using a
standard least-squares method across the entire density
range provided. We exclude the models LS and SLY4-
RG here because the effective masses for these EOS are
not currently published (but see §5.3 for a separate com-
parison with these models). The results of these fits are
given in Table 2 for symmetric matter. For complete-
ness, we also include in Table 2 the fits for pure neutron
matter, which can be used to calculate Esym,th(n, T ) in
eq. (30).
5 The EOS in our sample vary in their low-density limit of M∗
from 938−939.57 MeV. This parameter can easily be adjusted to
any low-density value for M∗. For simplicity, however, we take it
to simply be the neutron mass. We find that this simplification
has a negligible effect on our results.
We show the performance of the fit for NL3 in Fig. 4. In
this fit, we use the NL3 tables calculated at kBT = 1, 10,
and 47.9 MeV (shown in purple, orange, and blue, re-
spectively) with a proton fraction of Yp=0.01, to emu-
late pure neutron matter (top panel), and Yp=0.5, to
represent symmetric matter (bottom panel). We show
our approximation for M∗ as the black solid line. We
find that the M∗-approximation accurately captures the
behavior predicted by the full EOS, with fit parameters
n0 = 0.10 fm
−3 and α = 0.90 for Yp = 0.01 and fit
parameters n0 = 0.11 fm
−3 and α = 1.08 for Yp=0.5.
Fig. 4.— Dirac effective mass as a function of the number den-
sity, for NL3 at kBT = 1, 10 and 47.9 MeV (in purple, orange, and
blue, respectively) for Yp=0.01 (pure neutron matter; top panel)
and Yp=0.5 (symmetric nuclear matter; bottom panel). The sym-
bols represent the effective mass predictions for the full version of
NL3. The solid black line shows our approximation using eq. (33).
We find that, with fit parameters n0 = 0.10 fm−3 and α = 0.90,
the M∗-approximation accurately reproduces the values predicted
by the full EOS for pure neutron matter. For symmetric nuclear
matter with n0 = 0.11 fm−3 and α = 1.08, the M∗-approximation
again reproduces the values predicted by NL3 reasonably well, up
to ∼ 10 nsat. At low temperatures, the discontinuity in the effec-
tive mass stems from the Maxwell construction used in the original
EOS calculation to represent the phase transition to uniform nu-
clear matter. At high temperatures, this artifact disappears.
As a brief aside, we note a discontinuity in the first
derivative of M∗ at approximately half the nuclear sat-
uration density for large Yp and low temperatures (seen
most clearly in the purple stars in the bottom panel of
Fig. 4, at nsat/2 ≈ 0.08 fm−3). This discontinuity is an
artifact of the treatment of the first-order phase transi-
tion to uniform nuclear matter at these densities in the
original EOS calculations.
There is an easily understood origin of this artifact.
Lattimer & Swesty (1991), Shen et al. (1998), and
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Hempel & Schaffner-Bielich (2010) all use a Maxwell
construction to calculate the phase transition at ap-
proximately half the nuclear saturation density. At
low proton fractions, where matter is approximately
made up of a single species, the Maxwell construction
works well to represent the phase transition. However,
the Maxwell construction is invalid for multi-component
species: When a system has more than one significant
component, the Gibbs construction must instead be used
(Glendenning 1992, 2000). Because all EOS that are in-
cluded in this section use the Maxwell construction, they
all suffer from artifacts due to this choice at roughly half
the saturation density, where the transition to uniform
nuclear matter occurs.
Correcting these artifacts would require re-calculating
all EOS with a different formalism and is beyond the
scope of this paper. However, we note that at high tem-
peratures (kBT &15 MeV), the non-uniform phase of
matter disappears (see discussion around Fig. 5 in Shen
et al. 1998). Thus, we can avoid the issue altogether
by performing our fit to M∗ at only the highest tem-
peratures, when Yp is large. In practice, we find that
whether we fit only the kBT = 47.9 MeV curve for M
∗
or we fit the curves for all the temperatures together,
the difference in the resulting parameters is small. We,
therefore, choose to perform the fits to three tempera-
tures (kBT = 1, 10 and 47.9 MeV) together and use the
same method for both low and high proton fractions.
Returning to our discussion of the M∗ model, we
note that the errors introduced by using our M∗-
approximation are comparable to those shown in Fig. 4
for the full set of nine EOS in this section. We thus con-
clude that our M∗-approximation reasonably captures
the density-dependence of the Dirac effective mass, while
greatly simplifying subsequent calculations.
Moreover, we find that the range of inferred fit param-
eters is relatively narrow. In particular, for a wide range
of temperatures and EOS, we find that the transition
density lies in the range n0 ∈ (0.08, 0.22) fm−3, with an
average value of ∼0.13 fm−3 for both pure neutron mat-
ter and symmetric matter. The power-law index char-
acterizing the decay of M∗ is similarly well constrained,
with α ∈ (0.61 − 0.90), with an average value of 0.74
for pure neutron matter; and α ∈ (0.72 − 1.08), with a
slightly higher average value of 0.87 for symmetric mat-
ter. We find only a weak dependence of n0 and α on
the temperature, thus suggesting that these parameters
could be treated as constants for use in numerical simu-
lations.
5.2. Performance of the M∗-approximation of thermal
effects at fixed Yp
We now turn to a comparison between the M∗-
approximation of the thermal effects and the nine EOS
listed in Table 2. As in §4, we make the comparison in
terms of the pressure, rather than the energy, and use
eq. (13) to convert between the two. The expressions for
Pth(n, Yp, T ) are given in Box II in §6. In particular, all
results shown here use the smoothed approximation of
the thermal pressure, as defined in eq. (39).
In order to focus specifically on the thermal pressure,
we calculate the thermal contribution to the pressure
from each realistic EOS in our sample by subtracting
the cold component at the same Yp.
Fig. 5.— Smoothed thermal pressure as a function of density
for the EOS NL3 with Yp = 0.1. The various colors are cal-
culated at kBT=1 MeV (purple), kBT=10 MeV (orange), and
kBT=47.9 MeV (blue). The thermal pressure of the full EOS
is shown as the symbols, while the solid lines represent the M∗-
approximation of Pth, using the fit parameters for NL3 from Ta-
ble 2 (n0 = 0.11 fm−3, α = 1.08). The dashed lines show the
Γth = 1.67 hybrid approximation at each temperature. We find
excellent agreement between the M∗-approximation and the full
thermal pressure and find that the M∗-approximation offers a sig-
nificant improvement over the hybrid EOS.
Fig. 6.— The M∗-approximation of the thermal pressure at
kBT = 10 MeV and Yp = 0.5, with intentionally extreme choices
of the parameter values. The top panel shows the effect of varying
n0 for a fixed value of α = 0.8; the bottom panel shows the effect
of varying α for fixed n0=0.12 fm−3.
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Fig. 7.— Residuals between the smoothed M∗-approximation of the thermal pressure and the full results calculated for each EOS listed
in Table 2. From left to right, the panels are at kBT = 1, 10 and 47.9 MeV; all three panels are for Yp = 0.1. The various colors represent
the different EOS. For comparison, we also include the residuals between the full EOS NL3 and the ideal-fluid approximation (Γth = 1.67)
as the black dashed line. The vertical dotted line marks nsat. Our M∗-approximation of Pth produces residuals that are up to three orders
of magnitude smaller than the ideal-fluid approximation.
In general, we find excellent agreement between the
M∗-approximation and the thermal pressures calculated
from the full EOS. We show an example in Fig. 5 for NL3.
We find that our approximation of Pth closely recreates
the full calculation for NL3 for nearly all densities and
temperatures explored here. For comparison, we also in-
clude in Fig. 5 the hybrid approximation with Γth = 1.67
as dashed lines.6 The full thermal pressure agrees with
the hybrid approximation only at intermediate densities.
At the lowest densities, this value of Γth overestimates
the contribution from relativistic species. At higher den-
sities that are relevant for forming and merging neu-
tron stars, particle interactions become important and
the ideal-fluid approximation grossly overestimates the
thermal pressure, remaining several orders of magnitude
above the true thermal pressure.
In order to gain an intuitive understanding of the be-
havior of Pth, we also explore an extreme range of the M
∗
parameters. Specifically, in Fig. 6, we zoom in on Pth at
kBT = 10 MeV and Yp = 0.5 and show the effect of vary-
ing the parameters n0 and α for symmetric matter. We
intentionally take extreme values for the parameters, well
beyond the ranges found in Table 2, in order to empha-
size that the variations between more realistic parameter
choices will be small. Even for these unreasonable choices
of values for n0 and α, we find that Pth approximates the
full thermal pressure reasonably well and, in all cases,
better than the ideal fluid approximation. Analyzing the
specific dependences more closely, we see in Fig. 6 that
the parameter n0 controls the density at which the rise
in the thermal pressure starts to slow. This corresponds
to the density at which particle interactions become sig-
nificant and degenerate thermal effects can no longer be
ignored. The parameter α, which controls the power-law
slope of M∗, directly controls the height of the dip in
Pth. This makes intuitive sense: if particle interactions
are stronger, M∗ decreases more rapidly, α will be larger,
and the thermal pressure will deviate even more drasti-
cally from the ideal-fluid approximation as part of the
6 We choose the relatively low value of Γth = 1.67 in order to
minimize the residuals of the hybrid model. This value of Γth
ensures the hybrid EOS matches an ideal fluid at intermediate
densities. Larger values, as are more commonly used in numerical
simulations, would cause the hybrid Pth to overestimate even the
ideal regime.
free energy is taken up by those interactions.
Finally, we compare theM∗-approximation of the ther-
mal pressure against the full sample of EOS listed in
Table 2. We show the corresponding residuals at three
temperatures in Fig. 7 and find that the residuals are
typically . 30% at densities above 0.5 nsat. For compar-
ison, Fig. 7 also shows a sample set of residuals between
the full thermal pressure from NL3 and the hybrid ap-
proximation (Γth = 1.67) as the black dashed line. We
find that the M∗-approximation produces residuals that
are up to three orders of magnitude smaller than the
ideal-fluid approximation used in hybrid EOS, with only
two additional parameters that are easy to specify.
5.3. M∗-approximation for non-RMF models
We have so far only calculated the thermal pressures
using the sub-sample of EOS for which there exist pub-
lished tables of the effective masses. While this al-
lowed us to directly test the performance of the M∗-
approximation, this set of EOS happens to also be cal-
culated exclusively with RMF models. In this section,
we compare the M∗-approximation to the LS and SLY4-
RG models, which are calculated using non-relativistic
Skyrme energy functionals (see § 2). We also include
here the two-loop exchange model of Zhang & Prakash
(2016), which is an extension of mean field theory. We
note that the pressures of the Zhang & Prakash (2016)
EOS are reported only at Yp = 0 and 0.5, which is why
this EOS is not included in our full sample. As a result
of these and other limitations in the publicly-available
values for this EOS, all comparisons in this section are
made at Yp = 0.5 and T = 20 MeV. We also fix n0 and
α to the mean values for symmetric matter from Table 2
for all three EOS.
Figure 8 shows the residuals between the M∗-
approximation of the thermal pressure and the true EOS
for these three models. For comparison, this figure also
shows the corresponding residuals between the hybrid ap-
proximation and the true EOS (dashed lines). In general,
we find that the M∗-approximation of the thermal pres-
sure results in larger residuals for these EOS compared
to the RMF models, but that it still offers a significant
improvement over the hybrid approximation at densities
above ∼ nsat.
We also compared the residuals at T = 50 MeV and
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Fig. 8.— Residuals between the smoothed M∗-approximation of
the thermal pressure and the true EOS at Yp=0.5 and T = 20 MeV
for three non-RMF models. For n0 and α, we use the mean fit val-
ues for symmetric matter from Table 2. The dashed lines show
the corresponding residuals between the true EOS and the hy-
brid approximation using Γth=1.67, at the same proton fraction
and temperature. The three EOS shown are LS (pink), SLY4-
RG (green), and the two-loop model of Zhang & Prakash (2016)
(“TL(sc)”, blue). We find that, while the M∗-approximation pro-
duces slightly larger residuals for these EOS than for the RMF
models, it nevertheless offers a significant improvement over the
hybrid approximation at high densities.
found that the M∗-approximation performed compara-
bly to the hybrid approximation at this temperature.
In fact, for densities between nsat and 0.7 fm
−3, the
hybrid approximation produces slightly smaller residu-
als in the thermal pressure for these non-RMF models.
In this regime, the hybrid approximation tends to over-
estimate the thermal pressure for these models, while
the M∗-approximation tends to under-estimate Pth by
a similar degree. However, even in this case, the M∗-
approximation still offers an appreciable improvement
over the hybrid approximation at the highest densities,
above ∼ 0.7 fm−3.
6. PUTTING IT ALL TOGETHER
We now summarize the equations and approximations
that we have developed so far to represent the total en-
ergy per particle in Box I.
Box I: Total Energy Expressions for Finite-Temperature Dense Gas.
The energy per particle of n-p-e matter is given by
E(n, Yp, T ) =
(
Cold EOS in β-equilibrium
)
+ 3K
(
Y 4/3p − Y 4/3p,β
)
n1/3
+ Esym(n, T = 0)
[
(1− 2Yp)2 − (1− 2Yp,β)2
]
+

4σfsT
4/(cn), n < n1
(3/2)kBT, n1 < n < n2
[a(0.5n, 0.5M∗SM) + a(Ypn,me)Yp]T
2, n > n2,
where the symmetry energy is approximated as
Esym(n, T = 0) = ηE
kin
sym(n) +
[
S0 − ηEkinsym(nsat)
]( n
nsat
)γ
,
Ekinsym(n) =
3
5
(
1− 21/3
)
Ef (n),
η =
5
9
[
L− 3S0γ(
1− 21/3) (2/3− γ)Ef (nsat)
]
,
and the terms of the M∗-approximation are given by
a(nq,M
∗
q ) ≡
pi2k2B
2
√
M∗q (nq)2 + (3pi2nq)2/3(~c)2
(3pi2nq)2/3(~c)2
and M∗(nq) =
(mc2)−b +
[
mc2
(
nq
n0
)−α]−b
−1/b
.
• The parameters S0, L, and γ ∈ (0.2− 1.2) are freely specified; this will uniquely specify Yp,β .
• Alternatively, S0, L, and Yp,β may be specified and the proton fraction may be fit for γ. We provide
fits to γ for eleven EOS in Table 1.
• We find that for M∗SM, n0 ∼ 0.13 fm−3 and α ∼ 0.9 provide reasonable fits to most EOS.
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Using the expressions for the energy from Box I., we
can derive the pressure via the standard thermodynamic
relations of eq. (13), where the derivatives are evaluated
at constant Yp, Yp,β , and S. The total entropy of the
relativistic, ideal-fluid, and degenerate terms is given by
S(n,Np, Nn, Ne, T ) =

Srel, n < n1
Sideal, n1 < n < n2
Sdeg, n > n2,
(34)
where n1 and n2 are the thermal energy transition den-
sities, as defined in §5.
The entropy of a gas of relativistic leptons and photons
is given by
Srel =
16σfs
3c
(
Np +Nn
n
)
T 3. (35)
The entropy of a monatomic ideal fluid is given by the
Sackur-Tetrode equation,
Sideal = (Np +Nn +Ne) kB
×
{
ln
[(
Np +Nn
Np +Nn +Ne
)
n−1
(
mkBT
2pi~2
)3/2]
+
5
2
}
.
(36)
Finally, the entropy of a degenerate Fermi gas in our
framework is given by
Sq = 2aqNqT (37)
for a particle q, so that the total entropy for the degen-
erate terms is
Sdeg = 2 {a(0.5n, 0.5M∗SM)[Nn +Np] + a(Ypn,me)Ne}T.
(38)
We summarize the resulting pressure equations in Box
II.
Box II: Pressure Expressions for Finite-Temperature Dense Gas.
The pressure of n-p-e matter is given by
P (n, Yp, T ) =
(
Cold EOS in β-equilibrium
)
+K
(
Y 4/3p − Y 4/3p,β
)
n4/3
+ Psym(n, T = 0)
[
(1− 2Yp)2 − (1− 2Yp,β)2
]
+

4σfsT
4/(3c), n < n1
nkBT, n1 < n < n2
−
[
∂a(0.5n,0.5M∗SM)
∂n +
∂a(Ypn,me)
∂n Yp
]
n2T 2, n > n2,
where n1 and n2 are the thermal energy transition densities for a particular temperature and proton
fraction.
The symmetry pressure, corresponding to our model of the symmetry energy, is
Psym(n, T = 0) =
2η
3
nEkinsym(n) +
[
S0 − ηEkinsym(nsat)
]( n
nsat
)γ
γn.
The full analytic expression for Yp,β is given in eq. (20) and derived in Appendix A.
The M∗-approximation derivatives are given by
∂a(nq,M
∗)
∂n
∣∣∣∣
Yq
= −2a(nq,M
∗)
3n
{
1− 1
2
[
M∗(nq)2
M∗(nq)2 + (3pi2nq)2/3(~c)2
](
(3pi2nq)
2/3(~c)2
M∗(nq)2
+ 3
∂ ln[M∗(nq)]
∂ lnn
∣∣∣∣
Yq
)}
,
and
∂ ln[M∗(nq)]
∂ lnn
∣∣∣∣
Yq
= −α
[
1−
(
M∗(nq)
Yqmc2
)2]
,
where, for symmetric matter, we replace M∗(nq)→ 0.5M∗SM(0.5n) and for the electrons, M∗(nq)→ me.
• As in Box I., there are five free parameters: S0, L, γ, n0, α.
• A user may freely specify S0, L, and Yp,β and fit for γ. Alternatively, a user may specify S0, L, and
γ, which will uniquely specify Yp,β .
• We provide fits for γ, n0, and α for the EOS in our sample in Tables 1 and 2.
The piecewise definitions of the thermal energy and pressure are mathematically convenient, but the sharp
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Fig. 9.— Our approximation of P and the EOS pressures predicted by NL3 and DD2 (in blue and orange, respectively). The EOS
predictions are shown as the diamonds, while our model is shown as the solid lines. The three panels are at Yp = 0.1 and kBT = 1, 10,
or 47.9 MeV (from left to right). We find that our approximation is able to closely recreate the pressures predicted by NL3 and DD2 at
densities above nsat for all temperatures.
Fig. 10.— Residuals between our approximation of P and the EOS pressures predicted by the eleven EOS in our sample. The three
panels are at Yp = 0.1 and kBT = 1, 10, or 47.9 MeV (from left to right). The vertical dotted line marks nsat.
transitions are themselves unphysical, as discussed in §5.
We, therefore, instead implement the thermal pressure
using a smoothed approximation of the form
Pth(n, Yp, T ) ≈ Prel +
(
P−1ideal + P
−1
deg
)−1
. (39)
This smoothed approximation of the thermal pressure
is used for the figures throughout this paper. We note
that we use this separate smoothing for both the thermal
pressure and the thermal energy (as in eq. 26) in order to
keep the problem tractable. However, this is not mathe-
matically exact since, formally, the energy is the proper
thermodynamic function and the pressure should, ideally,
be derived from the smoothed energy. Nevertheless, the
errors introduced by the separate smoothing approxima-
tions will be limited to the regions close to the transition
points. Physically, the mismatch between the approxi-
mate thermal energy and pressure will correspond to a
small error in the sound speed in these regions, which we
neglect for the present purposes.
Finally, we note that our model allows significant
freedom in creating a new finite-temperature EOS. We
have provided a set of parameters that correspond to
physically-motivated EOS, but if one wishes to vary these
parameters significantly, it will be useful to check that
the resulting EOS is still physical. One requirement of a
realistic EOS is that the sound speed remain sub-luminal
at all densities and temperatures of interest. For this rea-
son, we include in Appendix B a calculation of the sound
speed for astrophysical merger scenarios.
7. COMPLETE MODEL: COMPARISON OF REALISTIC
EOS AT ARBITRARY YP AND T
In §4, we found that our model is able to extrapo-
late from β-equilibrium to an arbitrary proton fraction
with resulting errors of . 10% at densities above 0.5 nsat.
Similarly, in §5.2, we showed that the M∗-approximation
is able to reproduce the thermal pressure of realistic EOS,
at fixed Yp, to within ∼ 30% for a variety of EOS based
on RMF theory. In this section, we quantify the perfor-
mance of our complete model: starting with a cold EOS
in β-equilibrium, and extrapolating to arbitrary temper-
ature and proton fraction.
Figure 9 shows an example of a complete model for
NL3 and DD2 at three different temperatures. For our
approximation, we start with the relevant cold EOS in
β-equilibrium and add the corrections outlined in Box II,
to extrapolate the pressure to Yp = 0.1 and the three in-
dicated temperatures. We take the values for n0, α, and
γ listed in Tables 1 and 2 for each EOS. We show the
results as the solid lines in Fig. 9, while the predictions
of the full EOS are shown as the diamonds. We find close
agreement between our approximation and the full pres-
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sures predicted by NL3 and DD2, especially at densities
above ∼ 0.5 nsat.
Figure 10 shows the corresponding residuals between
our approximation and the full EOS for NL3 and DD2,
as well as the rest of our sample of EOS. For each EOS
in this figure, we use the values for n0, α and γ listed in
Tables 1 and 2, where possible. For LS and SLY4-RG,
for which we do not have fit values for n0 and α, we
use the average parameter values for symmetric matter
in Table 2. We find that our approximation works com-
parably well to recreate any of the EOS in our sample.
Moreover, we find that for n & nsat, the residuals are
. 20% at all three temperatures.
For all the EOS in our sample, the error introduced
by our model increases in the vicinity of ∼ 0.5nsat. This
is a result of the break-down in the Esym approximation
at low densities. Our derivation of Esym in §4 assumed
uniform n-p-e matter, but at densities below ∼ 0.5 nsat,
the matter becomes inhomogeneous. Nevertheless, with
the exception of LS, the errors at these densities are still
typically . 50%.
We have thus verified that our model is able to recre-
ate realistic EOS at relevant densities, with a simple
set of parameters. The implications of this result are
two-fold. First, this approximation can be used in lieu
of more complicated calculations, to analytically repre-
sent the EOS that are commonly used in the literature
with reasonable accuracy. Second, it implies that our
approximation can be reliably used to create new finite-
temperature EOS for n-p-e matter that probe different
physics through the choice of n0, α, γ, S0, and L. Our
model allows further freedom in creating a new finite-
temperature EOS through the choice of the cold, β-
equilibrium EOS. We thus find that this model can span
a broad range of possible physics, with parameters that
are directly tied to the underlying physics and that can
be integrated with minimal computational cost to a large
array of numerical calculations.
8. CONCLUSIONS
In this paper, we have developed a general framework
for calculating the pressure of neutron-star matter at
arbitrary proton fraction and finite temperature. Our
model is designed so that the corrections we have de-
veloped here can be added to any cold n-p-e EOS in
neutrinoless β-equilibrium. The model is based on a set
of five physically-motivated parameters: S0, L, γ, n0, and
α. The first three, S0, L, and γ characterize the sym-
metry energy and can be chosen to match a particular
EOS or set of priors from laboratory experiments. The
parameters n0 and α are introduced through our M
∗-
approximation, where n0 represents the density at which
particle interactions become important and α character-
izes the strength of those interactions. We find that the
effective masses of nine realistic EOS can be well charac-
terized by our M∗-approximation with a relatively nar-
row range of these parameters, with average values of
n0 ∼ 0.13 fm−3 and α ∼ 0.9.
The complete model is able to extrapolate from cold
matter in β-equilibrium to arbitrary proton fraction and
temperature. We find that our model is able to recreate
a sample of eleven realistic EOS with resulting errors of
. 20% at a variety of temperatures and proton fractions,
above nsat. In particular, by including the effects of de-
generate matter, our M∗-approximation reproduces the
thermal pressure of realistic EOS with residuals that are
several orders of magnitude smaller than the hybrid EOS
that are commonly used in the literature.
In addition to providing a 1 − 3 orders-of-magnitude
improvement over the ideal-fluid approximation of the
thermal pressure, this model also includes the effects of
changing the proton fraction, which is particularly rel-
evant in simulating the formation and cooling of proto-
neutron stars.
The complete model can thus be used to accurately
recreate the realistic EOS that are currently in use in
the literature with a set of simple, analytic functions.
Furthermore, the model can be used to calculate new
finite-temperature EOS that span a wide range of under-
lying physics, following one of two possible paths. One
possibility is to choose a physically-motivated cold EOS,
which will provide predictions for the β-equilibrium pro-
ton fraction and symmetry energy parameters. These
can then be used to fit for the free parameter γ, and
then used to extrapolate to an arbitrary proton fraction.
Alternatively, one can use a cold, parametric EOS that
does not specify the microphysics. In this case, there is
freedom to choose the symmetry energy parameters to
probe entirely new physics. In either case, one can freely
choose the interaction parameters to control the relative
importance of thermal effects. All together, these pos-
sibilities will allow a new and wide range of physics to
be robustly probed in studies of dynamical neutron star
phenomena.
Acknowledgements. We thank Vasileios Paschalidis for
useful discussions and comments on this work. CR is
supported by the NSF Graduate Research Fellowship
Program Grant DGE-1143953. FO and DP acknowledge
support from NASA grant NNX16AC56G.
REFERENCES
Akmal, A., Pandharipande, V. R., & Ravenhall, D. G. 1998,
Phys. Rev. C, 58, 1804
Baiotti, L., & Rezzolla, L. 2017, Reports on Progress in Physics,
80, 096901
Banik, S., Hempel, M., & Bandyopadhyay, D. 2014, ApJS, 214, 22
Bauswein, A., Janka, H.-T., & Oechslin, R. 2010, Phys. Rev. D,
82, 084043
Baym, G., Pethick, C., & Sutherland, P. 1971, ApJ, 170, 299
Blaschke, D., Alvarez-Castillo, D. E., & Klahn, T. 2016, ArXiv
e-prints, arXiv:1604.08575
Camelio, G., Lovato, A., Gualtieri, L., et al. 2017, Phys. Rev. D,
96, 043015
Carbone, A., Polls, A., & Rios, A. 2012, EPL (Europhysics
Letters), 97, 22001
Constantinou, C., Lalit, S., & Prakash, M. 2017, International
Journal of Modern Physics E, 26, 1740005
Constantinou, C., Muccioli, B., Prakash, M., & Lattimer, J. M.
2014, Phys. Rev. C, 89, 065802
—. 2015, Annals of Physics, 363, 533
Dexheimer, V. 2017, PASA, 34, e066
Douchin, F., & Haensel, P. 2001, A&A, 380, 151
Etienne, Z. B., Faber, J. A., Liu, Y. T., et al. 2008, Phys. Rev. D,
77, 084002
Faber, J. A., & Rasio, F. A. 2012, Living Reviews in Relativity,
15, 8
Fattoyev, F. J., Horowitz, C. J., Piekarewicz, J., & Shen, G. 2010,
Phys. Rev. C, 82, 055803
Fraga, E. S., Kurkela, A., & Vuorinen, A. 2014, ApJ, 781, L25
16
Friedman, B., & Pandharipande, V. R. 1981, Nuclear Physics A,
361, 502
Glendenning, N. K. 1992, Phys. Rev. D, 46, 1274
Glendenning, N. K., ed. 2000, Compact stars : nuclear physics,
particle physics, and general relativity
Gulminelli, F., & Raduta, A. R. 2015, Phys. Rev. C, 92, 055803
Hempel, M., & Schaffner-Bielich, J. 2010, Nuclear Physics A, 837,
210
Hen, O., Li, B.-A., Guo, W.-J., Weinstein, L. B., & Piasetzky, E.
2015, Phys. Rev. C, 91, 025803
Janka, H.-T., Zwerger, T., & Moenchmeyer, R. 1993, A&A, 268,
360
Kru¨ger, T., Tews, I., Hebeler, K., & Schwenk, A. 2013,
Phys. Rev. C, 88, 025802
Lalazissis, G. A., Ko¨nig, J., & Ring, P. 1997, Phys. Rev. C, 55,
540
Lalazissis, G. A., Raman, S., & Ring, P. 1999, Atomic Data and
Nuclear Data Tables, 71, 1
Lattimer, J. M., & Lim, Y. 2013, ApJ, 771, 51
Lattimer, J. M., & Prakash, M. 2016, Phys. Rep., 621, 127
Lattimer, J. M., & Swesty, D. F. 1991, Nuclear Physics A, 535,
331
Li, B.-A., Guo, W.-J., & Shi, Z. 2015, Phys. Rev. C, 91, 044601
Lovato, A., Benhar, O., Fantoni, S., Illarionov, A. Y., & Schmidt,
K. E. 2011, Phys. Rev. C, 83, 054003
Oechslin, R., Janka, H.-T., & Marek, A. 2007, A&A, 467, 395
O¨zel, F., & Freire, P. 2016, ArXiv e-prints, arXiv:1603.02698
O¨zel, F., & Psaltis, D. 2009, Phys. Rev. D, 80, 103003
Paschalidis, V., & Stergioulas, N. 2017, Living Reviews in
Relativity, 20, 7
Raduta, A. R., & Gulminelli, F. 2018, arXiv e-prints,
arXiv:1807.06871
Read, J. S., Lackey, B. D., Owen, B. J., & Friedman, J. L. 2009,
Phys. Rev. D, 79, 124032
Rios, A., Polls, A., & Dickhoff, W. H. 2014, Phys. Rev. C, 89,
044303
Sekiguchi, Y., Kiuchi, K., Kyutoku, K., & Shibata, M. 2011,
Physical Review Letters, 107, 051102
Shen, G., Horowitz, C. J., & O’Connor, E. 2011a, Phys. Rev. C,
83, 065808
Shen, G., Horowitz, C. J., & Teige, S. 2011b, Phys. Rev. C, 83,
035802
Shen, H., Toki, H., Oyamatsu, K., & Sumiyoshi, K. 1998, Nuclear
Physics A, 637, 435
Shibata, M., & Taniguchi, K. 2011, Living Reviews in Relativity,
14, 6
Steiner, A. W., Hempel, M., & Fischer, T. 2013, ApJ, 774, 17
Steiner, A. W., Lattimer, J. M., & Brown, E. F. 2010, ApJ, 722,
33
Sugahara, Y., & Toki, H. 1994, Nuclear Physics A, 579, 557
Todd-Rutel, B. G., & Piekarewicz, J. 2005, Physical Review
Letters, 95, 122501
Togashi, H., Nakazato, K., Takehara, Y., et al. 2017, Nuclear
Physics A, 961, 78
Toki, H., Hirata, D., Sugahara, Y., Sumiyoshi, K., & Tanihata, I.
1995, Nuclear Physics A, 588, 357
Tsang, M. B., Zhang, Y., Danielewicz, P., et al. 2009, Physical
Review Letters, 102, 122701
Typel, S. 2018, Journal of Physics G Nuclear Physics, 45, 114001
Typel, S., Ro¨pke, G., Kla¨hn, T., Blaschke, D., & Wolter, H. H.
2010, Phys. Rev. C, 81, 015803
Vidan˜a, I., Polls, A., & Provideˆncia, C. 2011, Phys. Rev. C, 84,
062801
Xu, C., & Li, B.-A. 2011, ArXiv e-prints, arXiv:1104.2075
Zhang, X., & Prakash, M. 2016, Phys. Rev. C, 93, 055805
APPENDIX
A. RELATIONSHIP BETWEEN THE β-EQUILIBRIUM PROTON FRACTION AND THE SYMMETRY ENERGY FOR
n-p-e MATTER
In this appendix, we derive the relationship shown in eq. (20), which asserts that the cold β-equilibrium proton
fraction is uniquely specified by the symmetry energy.
At zero-temperature for n-p-e matter, the total energy per baryon is given by
Etot(n, Yp) = En(n, Yn) + Ep(n, Yp) + Ee(n, Ye), (A1)
where En is the energy per baryon of neutrons, Ep is the energy per baryon of protons, and Ee the energy per baryon
of electrons. Here, we also introduce the neutron fraction, Yn ≡ (1 − Yp), and the electron fraction, Ye = Yp, where
the latter equality holds in a charge-neutral system.
In order to find the minimum of the total energy, we differentiate with respect to Yp and get
∂Etot(n, Yp)
∂Yp
=
∂En
∂Yn
∂Yn
∂Yp
+
∂Ep
∂Yp
+
∂Ee
∂Ye
∂Ye
∂Yp
, (A2)
where all the partial derivatives here and throughout this appendix are evaluated at constant entropy and baryon
density and we have suppressed the notation for clarity. By substituting in the chemical potential of a species i, given
by µi ≡ ∂Ei/∂Yi|S,n, eq. (A2) simplifies to
∂Etot(n, Yp)
∂Yp
= −µn + µp + µe, (A3)
which is zero in β-equilibrium.
Alternatively, we can write the total energy as an expansion about nuclear symmetric matter with electrons added,
i.e.,
Etot(n, Yp) = Enucl(n, 1/2) + Esym(n)(1− 2Yp)2 + Ee(n, Ye). (A4)
This results in
∂Etot(n, Yp)
∂Yp
= −4(1− 2Yp)Esym(n) + ∂Ee
∂Ye
∂Ye
∂Yp
. (A5)
By charge neutrality and the definition of the chemical potential, the second term is simply µe. Combining
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eqs. (A3) and (A5) in β-equilibrium gives
µe = 4(1− 2Yp,β)Esym(n). (A6)
For relativistic electrons,
µe =
√
p2fc
2 +m2ec
4 ≈ pfc, (A7)
where pfc = (3pi
2Yen)
1/3~c is the Fermi momentum of the electrons. Combining this expression for µ with eq. (A6)
yields
(3pi2Yp,βn)
1/3~c = 4(1− 2Yp,β)Esym(n), (A8)
or, rearranged to match eq. (20),
Yp,β
(1− 2Yp,β)3 =
64Esym(n)
3
3pi2n(~c)3
. (A9)
Solved for Yp,β , this gives
Yp,β =
1
2
+
(2pi2)1/3
32
n
ξ
{
(2pi2)1/3 − ξ
2
n
[
~c
Esym(n, T = 0)
]3}
, (A10)
as in eq. (21), and where ξ is defined as
ξ ≡
[
Esym(n, T = 0)
~c
]224n
1 +
√
1 +
pi2n
288
(
~c
Esym(n, T = 0)
)3
1/3
, (A11)
as in eq. (22).
Thus, if the form of Esym(n) is known, this will uniquely specify Yp,β . Alternatively, if the β-equilibrium proton
fraction is known from the cold EOS, it can be used to fit for the parameters of the particular model of Esym. In
the context of this paper, specifying Yp,β , S0, and L can be used to fit for the parameter γ; or, specifying S0, L, and
γ can be used to calculate Yp,β . The latter option is particularly useful as it allows our framework to be applied to
parametric EOS that may not calculate Yp,β directly.
Finally, we provide the derivative of Yp,β , which is required to calculate the sound speed in Appendix B. The
derivative at constant entropy is given by
∂Yp,β
∂n
∣∣∣∣
S
=
1
16
(pi
2
)2/3{
(2pi2)1/3
(
1− nφ
ξ
)
+ ξ
[
~c
Esym(n, T = 0)
]3
(3x− φ)
}
(A12)
where for simplicity we have introduced the quantities
φ =
1
2n
(3xn+ 1) +
1
6n
{
1 +
pi2n
288
[
~c
Esym(n, T = 0)
]3}−1/2
(3xn− 1) (A13)
and
x =
1
n2
Psym(n, T = 0)
Esym(n, T = 0)
. (A14)
B. CALCULATION OF THE SOUND SPEED
In this paper, we have provided the complete set of expressions necessary to extend any cold EOS to non-equilibrium
conditions and arbitrary temperature. These expressions can be used to create a new finite-temperature EOS, by
varying either the cold, underlying EOS or any of the five parameters of our model. In creating a new EOS, it is useful
to always to check that the choice of parameters results in a model that is causal at all densities and temperatures of
interest. To that end, we here provide a sample calculation of the adiabatic sound speed for our model.
The sound speed will need to be calculated differently depending on the relevant timescales for the astrophysical
system at hand. If the sound-crossing timescale is longer than the time for weak interactions, then matter will remain
in β-equilibrium as the system evolves and the proton fraction will change accordingly. This scenario may correspond
to the early phases of a neutron star merger or the cooling of proto-neutron stars. Alternatively, if the dynamical
timescale is shorter than the timescale required to maintain β-equilibrium, as in the late stages of a merger, the proton
fraction will remain approximately constant.
In this appendix, we will calculate the sound speed for the latter case: of a system with a constant proton fraction.
For such a system, the adiabatic sound speed, cs, is defined as(cs
c
)2
≡ ∂P (n, T )
∂
∣∣∣∣
S,Yp
(B1)
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where  ≡ E(n, T )n + mc2n is the relativistic energy density, consisting of the classical internal energy density and
the rest mass density. Here, we have suppressed the proton-fraction dependence of the pressure and energy models
because we are considering a system that maintains its initial proton fraction, Yp,β(n). We can expand this derivative
as follows (cs
c
)2
=
∂P (n, T )
∂n
∣∣∣∣
S,Yp
(
∂
∂n
∣∣∣∣
S,Yp
)−1
=
∂P (n, T )
∂n
∣∣∣∣
S,Yp
[
n
E(n, T )n+ P (n, T ) +mc2n
]
, (B2)
For each term in the pressure expressions of Box II., we calculate and provide the derivatives at constant entropy
below.
For a tabular, cold EOS in β-equilibrium, the cold pressure derivative must be calculated numerically. For a
polytropic cold EOS, however, the derivative is simply
∂Pcold(n, T = 0)
∂n
∣∣∣∣
S,Yp
=
Γ
n
Pcold(n, T = 0), (B3)
where Γ is the polytropic index. In the following expression for the complete derivative, we assume the cold EOS
can be represented as a polytrope. However, if this is not the case, the first term should simply be replaced by the
numerical derivative of the cold EOS. The total derivative for the case of a constant proton fraction is then
∂P (n, T )
∂n
∣∣∣∣
S,Yp
=
Γ
n
Pcold(n, T = 0) +

16fsσT
4/(9cn), n < n1
5T/3 n1 < n < n2
∂Pth,deg(n,T )
∂n
∣∣∣∣
S,Yp
n > n2.
(B4)
The degenerate thermal pressure of nucleons and electrons, Pth,deg, is given for symmetric matter by
Pth,deg(n, T ) = − [aSM′+ ae′Yp,β ]n2T 2, (B5)
as in Box II. We assume that this is approximately equal to the β-equilibrium expression because the thermal symmetry-
energy correction is small, as discussed in §5. This assumption will likely introduce a small error into the final sound
speed, which we neglect for the present purposes.
In this appendix, for brevity, we will use the following notation: aSM ≡ a(0.5n, 0.5M∗SM) and ae ≡ a(Yp,βn,me).
Additionally,
aSM′ ≡ ∂a(0.5n, 0.5M
∗
SM)
∂n
∣∣∣∣
Yq
= −2aSM
3n
{
1− B
2
(C + 3A)
}
, (B6a)
ae′ ≡ ∂a(Yp,βn,me)
∂n
∣∣∣∣
Yq
= −2ae
3n
{
1− BC
2
}
, (B6b)
where we have introduced
A ≡ A(nq,M∗) = ∂ lnM
∗(nq)
∂ lnn
∣∣∣∣
Yq
= −α
[
1−
(
M∗(nq)
mc2
)2]
(B7a)
B ≡ B(nq,M∗) = M
∗(nq)2
M∗(nq)2 + (3pi2nq)2/3(~c)2
(B7b)
C ≡ C(nq,M∗) = (3pi
2nq)
2/3(~c)2
M∗(nq)2
. (B7c)
For the symmetric nuclear terms, nq → 0.5n and M∗(nq)→ 0.5M∗SM(0.5n). For the lepton term, nq → Yp,βn and the
effective mass is simply the electron mass.
Using the entropy expressions of §6, we can then write the derivative of the degenerate thermal pressure as
∂Pth,deg(n, T )
∂n
∣∣∣∣
S,Yp
=−
[
∂(aSM′)
∂n
∣∣∣∣
S,Yp
+
∂(ae′)
∂n
∣∣∣∣
S,Yp
Yp,β
]
n2T 2 + 2Pth,deg(n, T )
[
1
n
− aSM′+ ae′ · Yp,β
aSM + aeYp,β
]
(B8)
The second derivative of aSM is given by
∂(aSM′)
∂n
∣∣∣∣
S,Yp
= aSM′
(
aSM′
aSM
− 1
n
)
+
2aSM
3n2
B
[
3A2 − 1
3
B(3A+ C)2 +
1
3
C +
3n
2
∂A
∂n
]
(B9)
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The second derivative of the electron term, for which A→ 0 due to its constant effective mass, is simply
∂(ae′)
∂n
∣∣∣∣
S,Yp
= ae′
(
ae′
ae
− 1
n
)
+
2ae
9n2
BC(1−BC) (B10)
Finally, the second-derivative of the M∗ term is given by
∂A
∂n
=
∂
∂n
[
∂ lnM∗(nq)
∂n
]
=
2α
n
[
M∗(nq)
Yqmc2
]2 [
∂ lnM∗(nq)
∂n
]
, (B11)
where we have assumed that M∗ is defined here for symmetric matter, so that M∗(nq)→ 0.5M∗SM(0.5n).
